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We present an algebraic methodology for designing exactly solvable Lie model Hamiltonians. The idea
consists in looking at the algebra generated by bond operators. We illustrate how this method can be applied
to solve numerous problems of current interest in the context of topological quantum order. These include
Kitaev’s well-known toric code and honeycomb models as well as new models: a vector-exchange model and

a Clifford y model in a triangular lattice.
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I. INTRODUCTION

Whenever one is interested in studying a new physical
phenomena whose effective model includes degrees of free-
dom (spins, fermions, bosons, etc.) which are strongly
coupled, one attempts to invoke simplifying assumptions
hoping that the resulting problem represents the relevant
minimal model for the phenomenon at hand. Finding exactly
solvable models is always welcome. This paper is about a
general methodology to generate exactly solvable Hamilto-
nians by concentrating on the algebra generated by algebraic
objects called bonds. These objects refer to the basic terms in
the Hamiltonian (which can be the usual two-particle bonds
or more complicated interactions involving more elementary
degrees of freedom—the method that we will present in the
current work applies to general interactions). We have al-
ready used this methodology in Ref. 1, where we solved a
doped orbital compass model in two and three space dimen-
sions, although we did not explain the generality of the math-
ematical approach. A goal of this paper is to present this
methodology in full detail and show that by using the algebra
of bond operators we can easily construct whole families of
exactly solvable models, several of these displaying topo-
logical quantum order.> The power of our method is that it
enables mappings between systems in various space (or
space-time) dimensions. Our method renders the investiga-
tion of many systems in arbitrary dimensions and different
arenas far simpler than has been realized hitherto and enables
the investigation of other systems.

For the sake of clarity, we will focus on quantum lattice
systems which have NFHﬁ:lLM sites, with L, as the number
of sites along each spatial direction o and D as the dimen-
sionality of the lattice. Unlike many beautiful tools that
have great applicability in one-dimensional (1D) quantum
models (e.g., Bethe ansatz, Bosonization, and quasiexact
solvability),? our results will apply to systems in general spa-
tial dimensions D= 1. The connectivity of the D dimensional
lattice and its general fopology are of paramount importance.
Associated with each lattice site i e ZVs there is a Hilbert-
space 'H; of finite dimension D;. The total Hilbert space is the
tensor product of the local state spaces, H=®;H;, in the case
of distinguishable subsystems (or a proper subspace in the
case of indistinguishable ones), and its dimension is D
=H€§1Di. The dynamics of an arbitrary physical system is
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governed by a Hamiltonian H whose form is constrained, in
terms of the local language,* to linear combinations of (poly-
nomial in N,) quasilocal operators.

Let us first start with an intuitive introduction to the key
concept of bond algebras. We consider situations in which
the Hamiltonian of a system H, whose state space is H, can
be written as a sum of guasilocal terms or bonds

HZE aghg, (1)
R

where ay is a ¢ number, {hg} are the bond operators, and R
includes a finite number of, for example, lattice sites i. In
general, the operators i, will generate a certain (bond) alge-
bra G whose dimension is of order D, i.e., O(D). To simplify
the description, in the following, we are going to concentrate
on semisimple Lie algebras. Notice that we do not constrain
ourselves to a particular representation of the algebra.

It may happen that the Hamiltonian, H, itself is an ele-
ment of a subalgebra (denoted by h) of the algebra G and that
this subalgebra is of dimension poly-log D (i.e., polynomial
in the logarithm of the Hilbert-space dimension). In other
words, H may be a (polynomial in log D) linear combination
of operators hy [see Eq. (1)] that form a subalgebra § (of
polynomial in log D dimension). Those Hamiltonians are
called generalized mean-field Hamiltonians (GMFHs), and
traditional examples include Hartree-Fock, Random-Phase,
and Bardeen-Cooper-Schrieffer Hamiltonians, while less
known examples may even involve superalgebras.” These
GMFHs are mean field in the sense that they represent effec-
tive one-particle Hamiltonians. When the ground state of H
is nondegenerate, it turns out to be a generalized coherent
state of b,> while the remaining eigenstates (some of which
may also be generalized coherent states) and energies can be
efficiently computed.

We say that H is exactly solvable when an arbitrarily cho-
sen eigenvalue and an appropriate description of the corre-
sponding eigenstate can be obtained and represented to pre-
cision € by means of a classical algorithm efficient in log D
and 1/€” This definition of exact solvability, motivated by
complexity theory, yields a sufficient criterion for exact solv-
ability and is general enough to also include Bethe-ansatz
solvable problems. In an algebraic language, Bethe-ansatz
systems are also characterized by Lie algebraic Hamiltonians
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but those are not elements of a polylog D-dimensional Lie
subalgebra, so they are not GMFHs. One can show that if H
is a GMFH then it is exactly solvable, and there is a polyno-
mially in log D-efficient algorithm to diagonalize it> (this
Jacobi-like method is described in Ref. 5). Notice that the ay
coefficients in Eq. (1) can be arbitrary (e.g., a disordered
system) with no particular space-group symmetry being re-
spected. In other words, what is relevant for exact solvability
is the algebraic structure of H. A particular case of exact
solvability is when the spectrum can be expressed in closed
form.

It is important to emphasize that the concept of exact
solvability above refers to the computation of an arbitrary
eigenvalue of H (and its corresponding eigenvector). In sta-
tistical mechanics, the concept of exact solvability typically
refers to the complexity of determining the partition func-
tion, Z, of a system. As is well-known, the partition function
and the density of states associated with the spectrum are
related by a Laplace transform. It turns out that the exact
solvability of H does not imply that Z can be determined
with poly-log D complexity, i.e., that Z is exactly solvable.
For example, Kitaev’s toric code and honeycomb models®’
are exactly solvable Hamiltonians. On the other hand, Ki-
taev’s toric model Z can be exactly determined (as shown in
Refs. 8 and 9), while Kitaev’s honeycomb model Z cannot.
Perhaps a more standard example is the classical Ising
model: in a square lattice both H and Z are exactly solvable,
while on a cubic lattice only H can be exactly solved.

In the following we will show that if two systems
(whether they are exactly solvable or not) display the same
bond algebra G and representation, then their spectra are
identical. A main contribution of this paper is to propose a
methodology to generate exactly solvable Hamiltonians by
using two mathematical principles that will become evident
in the following sections. In all cases, this methodology rests
on (1) topological constraints that are related to the connec-
tivity of the lattice Hamiltonian or graph. In several in-
stances, it further relies on the existence of (2) gauge sym-
metries. These symmetries allow a decomposition of the
Hilbert space into sectors. The operators {hz} belong to the
lowest-dimensional representation of the algebra on the Hil-
bert space, or its subspaces. In the following we illustrate the
bond algebra methodology by showing some tutorial ex-
amples of known trivially exactly solvable problems.

A. Ising model

A simple example is afforded by the Ising model on a
hypercubic lattice of N, sites,

Hlsing == E JO'[O'j. (2)
(ij)
The bonds b;;= 0,0, satisfy a simple Ising (Abelian)-type

algebra defined on a D=2"s-dimensional space (the span of
the original Ising system)

[by.bi]=0, bj=1, (3)

ij>
since g;= = 1. All classical Hamiltonians are extreme cases
of GMFHs: Its spectra are trivially determined.'?
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B. Transverse field Ising chain

The Hamiltonian of a single transverse field Ising chain of
length N, reads

N,
Hypmn=— E (Jio} o}y + hioy), (4)

i=1

where of(u=x,y,z) represent Pauli matrices. To make clear
the algebraic connection that will follow, let us denote the
two terms (transverse field and bond variables) as follows:

A_/ir= 0'?, A_i,j= O'VIV(T; (5)

In terms of these, the Hamiltonian of Eq. (4) obviously reads
Ny

Hppng=— 2, (JA i1 + RAY), (6)

i=1

with interaction terms satisfying

[ngj] =0= [gi,j’gk,l]a
{ALA ) =0={A A, },

[A},A;;]=0, i#jk,

(A =1=(A;,)°, ™)

which forms an so(2N,) (poly-log D) algebra with D=2":,
More explicitly, the number of generators of so(2N,) is
N,(2N,~1), i.e., O(N?).

Note that the bond algebra encapsulated in the relations
above is invariant under the flip of any transverse field lo-
cally. The transformation

AF — — AT (8)

effects h;— —h; at the lattice site i. Indeed, all that a flip of
local fields does is to leave the spectrum unaltered while
permuting the eigenstates among themselves. In more con-
ventional terms, the invariance of the spectrum mandated by
the invariance of the bond algebra under the transformation
of Eq. (8) is seen by noting that a similarity transformation
with the local unitary (and Hermitian) operator U;=07 sets

ool == o, ©)

while leaving o} and thus, K,»JH invariant. The spectrum of
Eq. (6) can be determined by performing a Jordan-Wigner
transformation to free fermions. Equivalently, it may be
noted that the bond algebra of a tight-binding spinless Fermi
model (with pairing terms) is equivalent to that of Eq. (7).

C. Orbital compass chain model

This model was introduced in Ref. 11. It consists of a D
=1-dimensional system with alternating xx and yy interac-
tions. Namely, consider a chain of length N, in which the
Hamiltonian is given by
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Jx,ioi'coji:l + E

i=2,4,6, -+

Hocm= X
=135,

aotot. (10)

Let us define the even and odd bonds by

o}

AmZO% 2m+1> Bm:ag Oém’ (]1)

m m—1

They satisfy the following algebra (D=2"s):

[A,,A,]=0=[B,,B,]
{Am7Bm} =0= {Am’Bm+l}v

[Am’Bn]=O’ |m_n| >1

(A,)?=1=(B,)* (12)

This algebra is identical to the algebra of bonds of Eq. (7).
For an open chain, there are no boundary conditions on the
bonds in either problem. If we enabled interactions (both
exchange and transverse fields) on only one half of the chain
(that is, if the sum in Eq. (4) would extend, for even N, only
from 1=i=N,/2) and add N,/2 noninteracting spins, then
the number of interaction terms in Egs. (4) and (10), their
algebras (and dimension of their representations), and the
size of the Hilbert space on which both systems are defined
are identical. In that case, the partition functions are identical
up to a trivial multiplicative factor (after identifying J;=J,;
and h;=J, ;)

ZoemNy) =2V Zp(N/2). (13)

Such a relation was indeed found by'' an explicit diagonal-
ization of the Fermi bilinear found after a Jordan-Wigner
transformation performed on Hgcy. Here we arrived at the
same result by a trivial application of the methodology of
bond algebras.

To attest to the power of our method and its applications,
it is worth noting that the bond algebraic mapping gives rise
to an immediate corollary. As the equations of motion in a
general system are determined by the algebra (e.g., the com-
mutators of the operators with the Hamiltonian), two systems
that share the same bond algebra must also share the same
dynamics. Thus, the dynamics of the orbital compass chain
must be equivalent to that of the bonds within the transverse
field Ising model. This immediately gives rise to the dynam-
ics in this system without the need to perform anew a very
detailed study. Indeed, Ref. 12 found that the dynamics of
the orbital compass chain is that of the transverse field Ising
model.

D. Kitaev’s toric code model

Kitaev’s toric code model® is defined on a square lattice
with L X L=N; sites, where on each bond (or link) (ij) is an
S=1/2 degree of freedom indicated by a Pauli-matrix O'f;
The Hamiltonian acting on a D=2%"s-dimensional Hilbert
space is
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Hy=-2A,— 2B, (14)
K V4

with Hermitian operators (whose eigenvalues are *1)

AS: H O-;‘Yj’ Bp: H 0{,’ (15)

(ij) e star(s) (ij) eplaquette(p)

where B, and A; describe the plaquette (or face) and star (or
vertex) operators associated with each plaquette p, and each
site s of the square lattice. The reader may want to consult
Refs. 8, 9, and 13 for notation purposes.

That the D=2 Kitaev’s toric code model is identical to
two decoupled Ising chains® is immediately seen by looking
at the bond algebra. The algebra of the bonds given by Eq.

(15) is trivial, it is an Ising (Abelian)-type algebra

[AS7B[J] = [As7As’:| = [BP,B[,/] = 07

(A)*=1=(B,)". (16)

For periodic boundary conditions one has the additional con-
straint

[T1A,=118,=1. (17)
K p

It is very easy to realize that the Hamiltonian for two
decoupled Ising chains, each of length N,

N, N,
H1=—20s¢c+1_2 TpTp+ls (18)
s=1 p=1

with o= * 1 and 7,= * 1, displays an identical bond algebra
to Eq. (16), with the same representation. Thus, one can im-
mediately write down the partition function®%:!3

Z=(2 cosh B)?Ms(1 + tanh™s B)?, (19)

where B=1/(kgT), and T is temperature. Moreover, the bond
algebra of Kitaev’s toric code model is identical to that of
Wen’s plaquette model'* which proves the equivalence of the
two systems.’ It is worthwhile to note that Eq. (19) is also
the outcome of a high-temperature series expansion.'
Thus, Kitaev’s toric code model is identical to a one-
dimensional Ising system. This statement has ramifications
for the stability of quantum memories—an item that we in-
vestigated in detail early on.3%!3 This mapping allows not
only an evaluation of the partition function but also a direct
computation of all correlators in Kitaev’s toric code model.
For a detailed explanation see Refs. 9 and 13. In particular,
see subsections (XIII A,B) as well as footnotes 61-63 of Ref.
9. The equations of motion with uncorrelated noise are in-
sensitive to a change in basis. Consequently, the dynamics
and thermal effects present in one-dimensional systems rear
their head also in Kitaev’s toric code model. In particular, the
system is unstable to thermal noise—a phenomenon that we
coined thermal fragility®®'3 and has been recently confirmed
by others.'*~!° Our bond algebraic mapping enables an im-
mediate extraction of crossovers for finite-size systems.?0-??
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E. Plaquette model in a transverse magnetic field

This model? is defined on a square lattice as follows:

Hpy== 2 JiF;= 2 hior, (20)
i i
where F;=o070),; 0},; ,; 07, » With é,, representing unit vec-
X X y V

tors along the wu direction in the lattice.

Setting G;=o07} and F;=F,, with i* Ei+%(éx+éy) and a
diagonal chain coordinate j along the (1,1) direction, that
alternates between i and i*, the algebra of the interaction
terms (bonds) in Eq. (20) is

[FJ,FJ/] =O= [G/’Gj,]

{F,‘,G_,'H}:O:{F,‘,Gj—l},
R DU
[F.Gy]=0{j—-j"# _E(ex+ey)

(Fi)2 =1= (Gi)2~ (21)

For a system with open boundary conditions, the algebra of
this system is none other than that of a stack of decoupled
transverse field Ising chains [see Sec. IB and Eq. (7) in
particular] all oriented diagonally along the (1,1) direction.

Setting, in Eq. (7), KUEE,-*, we see that the algebra and the
dimension of the Hilbert space in both problems are identi-
cal. Indeed, a more elaborate treatment finds that this system
is none other than that of a transverse field Ising model®
precisely as we find by examining the bond algebra. The
partition function is, therefore, exactly the same as that of a
transverse field Ising model.

In the next sections, we illustrate the power of our method
by reviewing several, more challenging, known examples of
exactly solvable models whose solutions can be immediately
achieved in this way, and then we turn to new models that we
introduced and solved using these tools. We start by discuss-
ing Kitaev’s honeycomb model’ and show that no enlarge-
ment of the Hilbert space’ nor a direct Jordan-Wigner
mapping®* is necessary to solve this model in a very short
and direct manner. Next, we will turn to new models. The
first of these is the vector-exchange model which forms a
simple extension of Kitaev’s honeycomb model. We will
later on show that all these models have in common a Clif-
ford algebraic structure on-site and an Abelian structure off-
site. This defines a simple class of GMFH of the so(2N)
type.> More general Lie algebraic structures can be also re-
alized.

II. KITAEV’S HONEYCOMB MODEL
A. Spectrum from bond algebras

Kitaev’s honeycomb lattice model’?® is a member of a
family of models whose Hamiltonians are elements of the
s0(2N,) algebra, where N, is the number of vertices of the
honeycomb lattice, i.e., it is a GMFH.

The model is defined by the following S=1/2 Hamil-
tonian (Fig. 1):
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FIG. 1. (Color online) Kitaev’s model on a honeycomb lattice
and three types of bonds. On each vertex there is an S=1/2 degree
of freedom indicated by a Pauli-matrix &}. There are two different
types of vertices. Thick colored contours represent arbitrary paths
drawn on the lattice, e.g., from site 7 to j.

HKh=_Jx 2 0/;0?_'])1 E U‘?)OR}Y_JZ 0'70'5
x—bonds y bonds z bonds
=— 2 Jyotat [6,1G-1)]. (22)
(ij)
Let us define the bond operators
Afi=olol, pn=xy.z, (23)

where (i,j) defines a bond (nearest neighbors). We can as-
sign a uniform direction to all bonds by choosing for all
nearest-neighbor sites 7 and j, the bond defined by Af; corre-
sponds to j—i=¢é, (and not j—i=-¢,). From the commuta-
tion relations for SU(2) spins it is clear that (A= dy+ 9
+6;+ 6;)

[A{-;’Allcjl] = (1 - 5;1,1/)(1 - (_ I)Aijkl)A;;A;:], (24)

and, moreover, it is clear that (Al’.j)2= 1. For an arbitrary set of
bond operators A, the Lie algebra G generated is O(D).
However, the set of bond operators that appear in Hy
{Afj}HK], forms a Lie subalgebra of G, because of the particu-

lar lattice topology: bond operators that share a vertex anti-
commute, otherwise they commute. This subalgebra is pre-
cisely so(2N,), and the Hamiltonian being an element of that
subalgebra is an GMFH.

One could, in principle, stop here and diagonalize the
problem in a Hilbert space of dimension D=2"s. However,
there is a further simplification in this problem. The simpli-
fication is related to exploiting the existence of gauge sym-
metries. Consider the anyon charge’ operators

5, =11 Al = 01030504050,
“ ijeh,

where h, defines a particular hexagonal plaquette (see Fig.

1). The {Iha} operators have eigenvalues Thf *1, and they
satisfy the following relations:
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[ 1, 1=0, (1, )’ =1,

[1,,.A%]=0. (25)

which implies that [}, ,H,]=0. In other words, the product
of bonds taken around the hexagon /4, in a uniform orienta-
tion (either clockwise or counterclockwise) is a gauge sym-

metry. The N,/2 operators {fha} satisfy the global constraint
17, n =1 (26)
hy

This allows us to decompose the D-dimensional Hilbert-
space H into 2V¢*~! orthogonal Hilbert subspaces H,, each
of dimension dim(F,)=2"+*!

oNJ2-1

H= @ M, 27)
7=1

Each Hilbert subspace H,, is characterized by a particular set
of eigenvalues {Tha} and projector

p=Il ——==112,. (28)

a=1

The algebra satisfied by the projected bond operators K{j
=13,7A{;13,7 is so(2N,), but acts on a Hilbert (carrier) subspace
of dimension 2Vs/*!

To determine the spectrum in each subspace we look for
an oscillator realization of the algebra

Af’;: 2imcic;,  M=X,Y,2, (29)

in terms of Majorana fermions c;, which satisfy

L

{Civcj}=5ij’ CT:C;’- (30)

The smallest representation of N, Majorana fermion
modes (N, even) is that in a 2¥¥?-dimensional Hilbert space.
For reasons that will become clear later on, in Eq. (29) we
will set 77,;=1 on all bonds parallel to the “x” or “y” direc-
tions and allow 7;;= * 1 on all vertical bonds (those parallel
to the “z” direction in which j—i=* é.). There remains an
additional degeneracy factor of two (the Hilbert-space di-
mension is of size 2¥¥>*! while the representation of the
bonds is on a Hilbert space of size 2V?).

It is straightforward to show that the bilinear combina-
tions of Majorana fermions satisfy the same algebra and also
constraints as the algebra of {Al‘.]‘-}HKh. Notice that any con-

nected open string product of bonds becomes a bilinear in
Majorana fermions?* (see Fig. 1)

— AM AM2 ..
S i, = AlLAL

A_”f =2iL<H 7],-.,~)C,*IC,'L+1- (1)

11 151 1
12 2°3 L'L+1 .
@)

It turns out that all open strings having the same end points
i1,i; and with alternating u's (e.g., x,2,y,2,y,X,Z,X) can be
of only four types
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Sil’iL = (i 1, + i)2Ci1C' (32)

L1’

and form a polynomial in the number of vertices (or bonds)
Lie algebra. The correspondence between the anyon charge

sector {Tha} and the set {7;;} is

H 7]l~j=7ha. (33)
(ijyehg

The set {h,} spans all fundamental hexagonal plaquettes
from which all closed-loops I' can be uniquely constructed.
The number of plaquettes {A,} is given by half the number of
sites N/2 as is the number of vertical bonds on which we
may assign one of the two phases corresponding to 7;
=+ 1. With the identification of Eq. (33), both sides of Eq.
(29) satisfy the same set of algebraic relations in each of the
2 X 2V/2_dimensional Hilbert subspaces.

This mapping allows us to immediately write down the
spectrum in each sector of {Ihoz} and to reproduce the results
of Refs. 7 and 24 without the need for introducing two Ma-
jorana fermions per spin and then projecting out one (as in
Ref. 7) nor writing an explicit Jordan-Wigner transformation
between fermionic and the spin variables (as was done in
Ref. 24).

In a given sector 7={7;}, we have the Majorana fermion
representation of the Hamiltonian,

HKh’”=2i<iEj> nijjijcicj’ (34)

where J;;=J, if i and j are separated by an x-type bond.
Similarly, J;;=J, . if i and j are linked by a y- or z-type bond.
Within the ground-state sector (/, =1 for all plaquettes /),
we may set {7,;=1} and obtain the quasiparticle spectrum,

lg: (k)(’ ky)’7’24

€=2J,—2J, cos k,—2J, cos k,,

Agp=2J, sin k,+2J, sin k,. (35)

Our mapping allows for a closed-form solution only for a
reduced set of sectors (such as the ground-state sector). For
the rest, we still can compute each eigenvalue and eigenvec-
tor with polynomial in N, complexity by using the Jacobi
method.’ Thus, it is not simple to compute the partition func-
tion of the model with the same complexity. One can write
down a formal solution, as we discuss below, but it is not a
closed-form analytical solution in terms of simple functions.

B. Partition function

Although many results appear on the zero-temperature be-
havior of Kitaev’s honeycomb model, there are very few
results at finite temperatures. An exception is Ref. 26 which
provides a finite temperature metric analysis of Kitaev’s hon-
eycomb model. Related results are discussed in Ref. 13.

The partition function includes contributions from all sec-
tors and reads'
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Z =2 Ny z,

7
Z,=Trexp[- ,BHKh’,?], (36)

where N, = % is the number of hexagonal plaquettes. In terms
of the original spins of Eq. (22)

- (BH)"
rnz(') (2n)! °

or, equivalently, in terms of the Majorana representation of
Egs. (29) and (34)

(37)

(ﬁ Khnzn
Z, Trnz(,) anl

The reason why in Eq. (37) we keep only the even powers
of H K, is the following: by time-reversal symmetry [due to
the trace over of and (-o%)], at any given site i we must
have an even power of ¢f'. Similarly, in the Majorana fer-
mion representation [Eq. (38)], the trace of ¢; is zero. For any
odd power of Hy there is in any term resulting from the
expansion of exp[-B8H Kh] at least one site for which we have
an odd power of d¥* (or ¢;). All of these terms vanish.

Let us first consider the Majorana representation and fo-
cus on Z,. We will later on rederive these results within the
original spin representation of Eq. (22). The local assign-
ments {7,} effectively relate J;; in a general sector to that in
the sector {7;=1} by the transformation

Jij77ij e Jij' (39)

(38)

We claim that if a particular bond (J;;) appears as an odd
power in a given term then it will give rise to a vanishing
contribution when it is traced over. The proof of this asser-
tion is trivial

> =0 (40)
7=*1
for all odd p.

The same conclusion follows within the original spin rep-
resentation of Eq. (22) which as we show below leads to Eq.
(37). Let us mark all the bonds J;; that would additionally
appear to an odd power in the expansion of Eq. (37). We
claim that there are several possible topologies: (i) three odd
bonds (odd powers of J; ) meet at a common vertex. That is,
we can have

T (41)

with odd p;,(a=/,k,l) and with all of the bonds that touch j,
k, and [ appearing to an even power in the expansion of Eq.
(37).

(ii) Closed or open contours of odd powered bonds ap-
pear. In case (i), the spins at sites j, k, and / appear to an odd
power (the power is just the sum of the powers of the bonds
that have one of these points at their end). In case (ii), if the
contour is open then the spins at the end points of the open
contour must appear to an odd power and therefore lead to a
term that vanishes upon taking the trace. If the contour is
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closed it leads to none other than the anyon charge within the
contour C,

Ie= 11 1, (42)
h,eC

with [ h, the product of bonds along a hexagonal loop. Using
the relation o#o” =i€,,, 0" for u# v, we find that each spin i
that lies on C(i € C) leads to a contribution of. For any odd
power p, [o%]? has a vanishing trace.

We can similarly have both (i) and (ii). It is readily seen
that all odd powered bonds lead to situations with either odd
powers of the spins at the end points and/or to closed con-
tours which also lead to vanishing contribution.

Returning to the sum of Egs. (36) and (38), we now have

Z=2NNHE[ 2], (43)

where!3

Z, = exp{— gTr(Ml)} |det[ 1 +exp(BN)]|Y?  (44)

is the partition function of the system in which all 7,;=1 (the
anyon free system). In Eq. (43), the operator E projects out
of Z, only those terms that are even (hence, the symbol E) in
all exchange constants {J;;}. The matrices Ny and M, depend
on the constants {J 1 as detalled in Ref. 13. The same con-
clusion follows from the expansion Eq. (37).

We note that for the particular set of exchange constants
Ji,,«+é - (nearest-neighbor J;)), Eq. (43) is indeed equal to

Z=2MEZ ], (45)

where E° projects out of Z, only the terms that have all of
the powers of J; 2, being even. In order to cover all of the
topological sectors Ih * 1, in each hexagon #,, it suffices to
allow 7,;=*1 on all of the vertical bonds (parallel to the z
direction), and 7,;=1 on all other bonds (parallel to the x or
y directions).?*

It is worth emphasizing that different topological sectors
{Iha} lead to different Z, (and thus to different spectra as
they indeed must). It is only after performing the trace in Eq.
(38) that the common even powered terms are pulled out.
These terms are the same in all {7,;} assignments.

III. VECTOR-EXCHANGE LATTICE MODEL
A. Motivation

Consider the Lagrangian density of fermions coupled to a
vector gauge field A, with a=0,1,2,3. In a U(1) theory, the
Lagrangian density describing the minimal coupling of fer-
mions to the gauge field is given by

mm l/l(l’}ﬂa - ’}/ZA )lr/l (46)

where ¥'=(¥")" are the Dirac matrices. Within the U(1)
theory, A, is the scalar potential and A,_; , 3 are the spatial
components of the vector potential A. The minimal-coupling
term of Eq. (46) is augmented by a gauge-only term
(}TFabF“b with F,=d,A,—d,A,). In the electroweak theory
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photon exchange

FIG. 2. Vector exchange between two fermions. To lowest (qua-
dratic) order in the gauge field, a bilinear between the Dirac matri-
ces: P(x) Y p(x)D 4 (x,y)(y) Y ily) results. For a vector-exchange
(photon) propagator D,,(x,y) set to be J, , on a lattice, the resulting
system is precisely of the form of the vector-exchange model of Eq.
(50).

[SU((2) xU(1)], the A, in Eq. (46) is replaced by (A,—V,)
with the weak parity breaking field V,,.

Although the Lagrangian is quadratic in the fermion fields
¢, it is definitely not a simple quadratic form that can be
exactly integrated out. This is due to the linear coupling to
A,. The theory contains both free quadratic terms (e.g., those

in ¢ alone) and terms of the form ¢y"A 1. These terms give
rise to interactions such as the lowest-order exchange term
shown in Fig. 2. The coupling to the A, gauge field gives rise
to the usual Coulomb interaction between fermions.

The lowest-order interaction terms are those formed by
two vertices as above. The slanted lines depict the fermions
() while the horizontal wavy line represents the photon
propagator (D,;,)—the propagator for the fields A,,. Integrating
out the gauge field gives rise to the usual Coulomb exchange
(depicted in Fig. 2)

with
Dy (x,y) = (A ()A,(y)) (48)

the Coulomb propagator. The same formalism albeit with
more indices applies to other vector gauges (e.g., the elec-
troweak one). In the nonrelativistic limit, the density-density

interaction [the (x)y’¥(x)(y) ¥(y)] piece becomes im-
portant. That is, the Dy, propagator becomes dominant for

nonrelativistic particles.

The lattice gauge action for the fermions resulting from
integrating out the vector gauges A, is not usually investi-
gated in lattice gauge theory calculations. It is correct but
this is not the standard point of departure for lattice gauge
calculations. What is typically done is to write terms of the
form

P00 V'l + é)expliAy s, ] (49)

with A, wse, as the line-integrated lattice gauge (3+1) vector
potential between nearest-neighbor sites.

What we do in the following affords another way of in-
vestigating general minimally coupled actions. When inte-
grating out the A, fields, we generate precisely interactions
of the yy type of Eq. (47) with Eq. (48). In what follows, we
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FIG. 3. (Color online) The bonds in the system of Eq. (50). At
each vertex i there are four different types of bonds corresponding
t0 7,7, interactions with different a=1,2,3,4. (There are four
different types of vertices.) The algebra of the bonds is trivial:
bonds that share a site anticommute, disjoint bonds commute, and
the square of any bond is one. Consequently the spectrum of the
model can be immediately determined.

will investigate a simple lattice rendition of such vector-
exchange system in which we set an exchange coupling be-
tween 7y matrices to be of amplitude J;;=D(i,) with i and j
denoting lattice sites. In order to have a simple algebra, we
will choose the propagator D to vanish unless i and j are
nearest-neighbor sites. Furthermore, similar to Kitaev’s hon-
eycomb model, we consider the situation wherein the physi-
cal location of the sites i and j determines what components
of the y matrices at the two sites i and j are coupled in the
Hamiltonian.

B. Exact solution of the vector-exchange model

A simple square lattice model that captures the fermionic
vector exchange is given by

H=2, Jii¥VaiVa,)- (50)
@)

The geometry of the lattice is shown in Fig. 3. The y matrix

index a for a given bond in Eq. (50) is fixed by the sites i and

Jj. Here and throughout, we set the lattice constant to be one.
The y matrices satisfy the algebra

{’Ya,i’ ’Yb,i} = 25ab’

The Hilbert space on which H acts on is, for a lattice of N,
sites, of dimension 4"s. The algebra of the bonds 7,7, jis
familiar: it has the same simple characteristics of the bond
algebra in Kitaev’s honeycomb model. These algebraic rela-
tions do not change in projection to a state of fixed topologi-
cal charge sector

[ya,ivyb,j]=0’ i 7&J (51)
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ﬁm(?’a,i%,_/)ﬁm- (52)

We define the projector P to a topological sector by

R 1+ Inln
Po=—"—, (53)

with

ID= H ‘Ya,i’ya,j' (54)
(ijyed

As in Eq. (28), I are ¢ numbers: I;= % 1, and products of
bonds around a plaquette /; commute with the Hamiltonian
([15,H]=0), and among themselves ([I5,I5/]=0). The op-
erators of Eq. (54) constitute local (gauge) symmetries. The
origin of the commutation relations is that at each vertex we
have bonds of different -y matrix flavors. Similar to the situ-
ation in Kitaev’s honeycomb model, all bonds commute with
the anyon charge operators of Eq. (54), and

A=1. (55)

The gauge symmetries {/j} allow decomposition of the total
Hilbert space into orthogonal subspaces of equal dimension-
ality. We divide the Hilbert space into equal sectors spanned

by {TD}. There are 2"s! such sectors as the eigenvalues of
I, for each of the N, plaquettes [, can attain one of two
values (*1), and satisfy only one global constraint on a torus

O

As {TD} are good quantum numbers, we may diagonalize the
Hamiltonian in a Hilbert space of dimension 4"s/2Ns!
=2Ns*1_ Similar to our solution of the Kitaev’s honeycomb
model, we may then work with the representation of the
bonds as the product of two fermions.

Within each anyon charge sector, the Hamiltonian is of
the form of Eq. (34) but on different size spaces. We can now
introduce N, spinless fermion variables {d;} on the Hilbert
space of size 2™s by setting the bonds to be

Ay=i(d;+d)(d;+d)). (57)

We thus arrive at a Fermi bilinear that is trivially diagonal-
izable

H=i2 nd(di+d)(d;+d). (58)

(i)
In Eq. (58), we maintain the directionality that we employed
throughout in constructing the bond algebra in the case of
Kitaev’s honeycomb model: j—i=¢é, or é,. A trivial but im-
portant feature of Eq. (58) is that the spectrum is symmetric

about zero. This is so as there is a symmetry Aij—>—A_ij in the
representation chosen in Eq. (57).
The dimension of the Hilbert space is the same as that of

the product of all plaquette charges TD=H<,-j>EDnU. Due to
Eq. (56), there are (N;—1) such Ising-type operators each
with eigenvalues *+ 1. These lead to 2"s~! sectors. This num-
ber is to be multiplied by the size of the Hilbert space
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spanned by the N, fermions (2") and further multiplied by a
degeneracy factor of two (associated with the degeneracy
Kl-jﬂ—gi ;). Fixed anyon charges enable 2Ns possible configu-
rations (redundant) of 7,; that give rise to the same original
Hamiltonian when projected onto a sector of fixed {I}.
These configurations of 7; are related to each other by local
Ising gauge transformations on the square lattice. That is,
with arbitrary 7,= %=1 at any lattice site i, the local gauge
transformation

Nij — TiNijTj (59)

leaves TD invariant.
Written longhand, the 4"s-dimensional Hilbert space
spanned by the 7y matrices decomposes as follows:

4Ns = 2V~ (number of sectors {I})
X 2Ns(Hilbert space spanned by N, fermions)
X 2(remaining degeneracy of each state)]. (60)

There is a degeneracy factor of 2=4"s/(2Ns=1 X 2N) that re-
mains after invoking the representation of Eq. (57) in the
space of size 2. This is similar to the degeneracy factor of
two in Sec. I A. The Hamiltonian of Eq. (58) is nothing but
a tight-binding Hamiltonian augmented by pairing terms (an
element of the so(2N,) algebra) on which we may apply a
Bogoliubov transformation similar to Ref. 24 which was de-
fined on the square lattice. The solution to Eq. (58) can be
immediately written down. For J;; equal to J, or J,, for sites i
and j separated by one lattice constant along the x or y di-
rections, respectively, i.e., J,-j:(Jxﬁl-x_ij]+Jy5|,-v_jy‘,1), in the

sector 7;;= 1 (corresponding to the sector I5=1), we have on
Fourier transforming,

H=il 2 qidyd -+ q_idid ¢ | - 2 pididz, (61)
k k

with gg=[J,e*+Je™] and p;=2(J, sin k,+J, sink,). A
Bogoliubov transformation gives the quasiparticle spectrum

E;=0, £ 2pg, (62)

with the zero eigenvalue being doubly degenerate. It is note-
worthy how easy and immediate the solution is.?’

C. String correlation functions from symmetries

The only correlators that can obtain a finite expectation
value at zero and finite temperatures must, by Elitzur’s
theorem,?® be invariant under all local symmetries. In Ref.
24, this was invoked to show how symmetries only allowed
for string correlators of the form of Eq. (31) to have nonva-
nishing expectation values at finite and zero temperatures.
These symmetries’ only conditions did not need to invoke
the particular Majorana fermion representation of the Kitaev
model that was used in Ref. 29 to study the zero-temperature
correlation functions. The considerations of Ref. 24 for Ki-
taev’s model can be replicated mutatits muntandis for the
vector-exchange model. The local symmetries of Eq. (54)
allow only for string correlators (whether open or closed) to
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YY, ! Plaquette interactions

FIG. 4. (Color online) A square lattice bilayer of a S=1/2 sys-
tem that represents Eq. (50). Inserting Eq. (64), we find the inter-
actions schematically depicted above. The two layers are indexed
by the first of the subscripts (1 or 2) in Eq. (64).

attain a finite expectation value. This applies for both the
ground-state configuration as well as the more physically
pertinent case of all finite temperatures, 7>0. The zero-
temperature selection rule was also noted by Ref. 30. Closed
loops of the form of Eq. (31) that span the entire system
correspond to additional symmetries of the system. Relying
on similar symmetry conditions as in Ref. 9, it is seen that
the only orders that can exist are of a nonlocal nature.

D. Isomorphic spin models

We now discuss two spin representations of our exactly
solvable vector-exchange model: (i) a spin S=1/2 system on
a square lattice bilayer and (ii) a spin §=3/2 system on a
square lattice. This latter variant was very recently also dis-
cussed by Refs. 30 and 31.

1. Spin 1/2 model on a square lattice bilayer

A possible representation of Eq. (50) is obtained at by

setting
0 (—lO"u) ]2 0
7":(00“) 0 ) y“:(o 1)’ )

with u=1,2,3, o* the Pauli matrices, and 1, the two-
dimensional unit matrix. The 7y matrices can arise from the
tensor product of two S=1/2 spins at each lattice site.

Yii= O'J{,iojz,i’
Y2,i= 0{10')2;
V3,i= U{,ioé,i’
Yai= 01 (64)

A possible lattice topology realization for this is that of a
square lattice bilayer shown in Fig. 4. The subscript @ in o, ;
is the bilayer index. Inserting Eq. (64) into Eq. (50) leads to
a spin S=1/2 Hamiltonian on a square lattice bilayer.

2. Spin 3/2 model on a square lattice

Another representation of the model of Eq. (50) is in
terms of S=3/2 spins that reproduces the results of

PHYSICAL REVIEW B 79, 214440 (2009)

Refs. 30 and 31 for their J5=0. The spin liquid character of
these systems is inherited from Kitaev’s honeycomb model.

¥3 0O 0
2
5
X0 1 0
. 2
V3
o 1 0 —
2
-
0O O ¥3 0
2
0 —iE 0 0
2
3
Li 0 -1 0
2
S}: = ’ (66)
. V3
0 i 0 —-—i
2
0 0 \—31 0
2
and
3
-0 0 0
2
1
0 - 0 0
2
Si= 1 . (67)
00 -— 0
2
3
00 0 --=
2

In terms of two spins of size S=1/2,

/3 1
§'== o5+ S(o{3 + oo,

2
R ,
Sy=70%+5(0%0’§—0“10%),
. 1.
S*= o]+ Z035,

2
_
I
(S)2=70’1‘—50ﬁ0”2+1,

NE
(Sy)2=—70’f—50“10§+2,

5
(59 = a5 + e
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{Sx,Sy} = \”30‘1,
(57,5 = 3o,

(85,5 =\3d% 3. (68)

We can represent the y matrices by

R B
=005 =={8,5%,
V3
1 X Z
72=0€'0’§=—6{S LS,
\J

1
=0 =—={$", 5},
Y3 1 \6{ }
1 x\2 V)2
Ya=01= ,5((5') - (89,
AY

5
75=—71727374=0110'§=(SZ)2—Z- (69)

IV. CLIFFORD ALGEBRAIC MODELS

The commonality of all these exactly solvable models is
the presence of degrees of freedom that satisfy a Clifford
algebra on-site

{Ya,i’ Yb,i} = 25ab» (70)

and a commutative algebra off-site
[Ya,i’ 7b,j]=07 i 7&]’ (71)
with a,b=1,...,p. The exactly solvable Hamiltonians are

then written as linear combinations of quadratic products of
these vy matrices. Regardless of the dimension of the repre-
sentation of the 7y matrices, the Hamiltonian is always an
element of so(2N,) (in the examples worked out in this pa-
per), and thus, a GMFH.

From the viewpoint of lattice connectivity, notice a fun-
damental difference between Kitaev’s honeycomb and the yy
(vector-exchange) models. The coordination of the honey-
comb lattice is z;,=3, while the one for the yy lattice is z,,
=4. This is the reason why one needs p=3 anticommuting
(Pauli) matrices in the first case, while p=4 anticommuting
(7y) matrices are needed in the second model. The relation
between p and the dimension of the matrix representation of
v is the following: when p=2q or p=2¢g+1, the matrix rep-
resentation can be of dimension 29. This is the reason why
Kitaev used Pauli matrices (¢=1) in his honeycomb model,
while we had used Dirac matrices (¢=2) in the vector-
exchange model.

It is indeed obvious how to generalize these ideas to gen-
erate new exactly solvable models of the so(2N) type in ar-
bitrary dimensions and for arbitrary lattice coordination. The
idea consists in writing bond operators which are quadratic

PHYSICAL REVIEW B 79, 214440 (2009)
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FIG. 5. (Color online) A triangular lattice Clifford model that is
exactly solvable. In each vertex there is a degree of freedom of
dimension 2% (and a Hilbert space of dimension 23Y). There are
four different types of vertices and six different types of bonds

'ya,i’}/a,j'

products of Clifford operators which are anticommuting on
the same lattice site. The cardinal p of that set of operators
will define the z of the lattice (its connectivity). For instance,
suppose we want to have a lattice with z=5. Then, a Shastry-
Sutherland-like connectivity lattice will do the job.3> Now,
write down a Hamiltonian which is a linear combination of
bilinears of five anticommuting 7y matrices that act upon a
Hilbert space of dimension 4"s. This model will be exactly
solvable. In this way, we can construct a new model in a
cubic z=6 lattice with p=6 anticommuting matrices, or as
we show now a triangular z=6 lattice model with y matrices
of dimension 23X 23,
Consider the p=6vy matrices

Y= O”Y,i")zc,i’
Y2,i= 0“{,1’0‘5,1"
V3,i= aﬁv,iaé,i’
Yai= Oﬁ,iag,i’
Vs5.i= Oﬁ,io“é,i’
Ye,i = oﬁ,ioé,i’ (72)

which form an on-site Clifford algebra. The model Hamil-
tonian

H= 2 Jiﬂ’a,ﬂ’a,j, (73)
(i)
whose lattice geometry is shown in Fig. 5, is exactly solv-
able.

This model can also represent a trilayer system with
plaquette interactions.

One can indeed realize that there is nothing special about
the Lie algebra so(2N). One can consider models whose
bond algebra forms any other semisimple Lie algebra, such
as so(2N+1) where there are nonlinear Bogoliubov transfor-
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mations that diagonalize the problem. It is important though,
that the number of gauge symmetries is enough to allow for
a simple oscillator realization of the bonds. Otherwise, there
is always the possibility to use the Jacobi algorithm’ to nu-
merically diagonalize the problem.

V. CONCLUSIONS

The thesis of the current work is that even though the
solution to many problems is hard, by disregarding the ex-
plicit microscopic degrees of freedom and focusing solely on
the algebraic relations that the bond variables satisfy in a
Hilbert space of a fixed dimensionality, we may map one
initially seemingly hard problem onto another problem
whose solution is easier. This mapping does not rely on ex-
plicit real-space forms for the transformations (although
these can be written down in some cases). Nor does it rely on
enlarging the Hilbert space and then making a projection
onto a physical sector as in Ref. 7. It is important to empha-
size though, that the dimension of the representation of the
algebra is of crucial importance—not only the algebra and
set of constraints itself.

The explicit real-space mappings—no matter how compli-
cated their forms are—are irrelevant. The spectra and all
nonvanishing correlators may be determined from the alge-
bra alone. [See Ref. 9 for a derivation of all correlators in
Kitaev’s toric code model by this method]. In the current
work, we illustrated how the energy spectra may be deter-
mined. The partition function and the density of states asso-
ciated with the spectrum are related by a Laplace transform.
It may be easily seen also from the partition functions them-
selves that if two systems display the same bond algebra on
a space of the same representation then their spectra are iden-
tical.

In the case of generic GMFHs, the Jacobi method always
enables a solution of its spectrum with polynomial
complexity.” There are situations, such as the model ex-
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amples presented in this paper, where we can determine the
spectrum of certain sectors (Hilbert subspaces) in closed
form, i.e., by quadrature. This will happen whenever the ef-
fective matrices that need to be diagonalized have dimension
smaller or equal to 4 X4 (because of Galois theory). The
decomposition of the Hilbert space into these individual de-
coupled subspaces is rooted in the existence of local (gauge)
symmetries. Within each subspace, there is an oscillator re-
alization (e.g., in terms of Majorana fermions) of the bond
algebra. It is important to emphasize that exact solvability
does not imply that we can compute the density of states, and
thus, the partition function, with polynomial complexity. Ki-
taev’s honeycomb model is an example of a system whose
energy eigenvalues can be determined with polynomial com-
plexity but whose total partition function cannot since its
density of states is not determined with the same complexity.
By contrast, Kitaev’s toric code model constitutes an ex-
ample of a system where not only the spectrum but also its
partition function is exactly solvable.®?

As we illustrated in this work, there are many applications
of the bond algebraic methodology that we introduced here.
Some systems that are analyzed anew by investigators can be
related via bond algebraic mappings to models that have al-
ready been hitherto investigated. As we will illustrate else-
where, a powerful offshoot of our method enables us to ana-
lyze and derive new dualities in physical systems.??

Our bond algebraic framework, including the vector-
exchange model, was conceived in 2007. We first applied our
technique to the solution of Kitaev’s toric code model.®?
Later on a physical model whose exact solution was enabled
by our bond algebra mapping appeared in Ref. 1. During the
time in which the current work summarizing our general
approach was prepared, three works®?3!-3 that study variants
of the vector-exchange model that we present here appeared.
In particular, related to our representation in Sec. ITI D 2,3%3!
present a spin S=3/2 vector-exchange model on a decorated
square lattice.
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